














$m\cross n$ $A(m\geq n)$ $m\cross m$ $Q$ $m\cross n$ $R$ $A=QR$
$Q$ $n$ $\tilde{Q},$ $R$ $n$ $A=Q^{-}\tilde{R}$
QR (full QR decomposition), QR
(thin QR decomposition) $A$ QR
$\tilde{Q}$ , $\tilde{R}$ QR $R$
$Q$ $m-n$




(i) $Q$ ( $\tilde{Q}$ ) 1,
(ii) $Q$ ( $Q^{T}$ )
(iii) $A$ 1, 1 1,
QR
(A) $A$ $\tilde{Q}$ $Q$
(B) $A$ $Q,\tilde{Q}$ $Q^{T}$
(C) $A$ 1 $\tilde{Q}$ $Q$
(A)
1








(A), (B), (C) 3 QR





Langou $A$ 2 $A_{1},$ $A_{2}\in R^{(m/2)\cross n}$ QR
$A$ QR [1]. TSQR (Tall and Skinny QR)
AllReduce
$A=\{\begin{array}{l}A_{1}A_{2}\end{array}\}$ , $A_{1}=Q_{1}R_{1}$ , $A_{2}=Q_{2}R_{2}$ , (1)
$\overline{A}=\{\begin{array}{l}R_{1}R_{2}\end{array}\}$ , $\overline{A}=\overline{Q}\overline{R}$. (2)
(1) 2 3 (2) 2 $A_{1},$ $A_{2}$ , QR
$Q_{i}\in R^{(m/2)\cross(m/2)},$ $R_{i}\in R^{(m/2)\cross n}(i=1,2),\overline{Q}\in R^{m\cross m},\overline{R}\in R^{m\cross n}$ (1), (2)
$A$
$A=\{\begin{array}{ll}Q_{1} OO Q_{2}\end{array}\}\overline{Q}R^{-}$ . (3)
2 $A$ QR
$\overline{A}$ 1 $n$ $m/2+1$ $m/2+n$
$\overline{A}$ QR $(2n)\cross n$ QR
$m\gg n$ $A_{1},$ $A_{2}$ QR
QR 2





$A+\Delta A=Q\hat{R}$ , $\Vert\Delta A||_{F}\simeq n\gamma_{c}.\mathscr{X}+Ln\gamma_{c\cdot 2n}$ , (4)
$\hat{Q}=Q+\Delta Q$ , $||\Delta Q||_{F}\simeq(n\gamma_{c}1^{m_{L}}+Ln\gamma_{c\cdot 2n})\sqrt{n}$ . (5)
$Q$ ( [4] ) $\Delta A,$ $\Delta Q$
$\gamma_{cm}=\frac{cmu}{1-cmu}$ (6)
$u$ $c$ (4), (5) TSQR
$\hat{Q}$ $L=0$
QR [3]
$L$ $||\Delta A||_{F},$ $||\Delta Q||_{F}$ $L$
TSQR $L$ QR
TSQR
3 (B): TSQR WY





TSQR $L+1$ ( $L=1$ (3)),
$Q^{T}B$
GPU
$Q^{T}$ 1 [5]. QR




$m\cross n$ $Y,$ $n\cross n$ $S$ $I_{m}-YSY^{T}$




$Y\in R^{m\cross n},$ $S\in R^{n\cross n}$ $I_{m}-YSY^{T}$
QR $Q$
$Q$ $n$ $\tilde{Q}=[\tilde{Q}_{1}^{T}\tilde{Q}_{2}^{T}]^{T}(\tilde{Q}_{1}\in R^{n\cross n},\tilde{Q}_{2}\in R^{(m-n)\cross n})$
$Y=\{\begin{array}{l}\tilde{Q}_{1}-I_{n}\tilde{Q}_{2}\end{array}\}$ , $S=(I_{n}-\tilde{Q}_{1})^{-1}$ (7)
$Y$ $S$ [5].
$(I_{m}-YSY^{T})A$ $=$ $\overline{R}$ , (8)





$a_{n}\in R^{m}(m\geq n)$ $q_{1},$ $q_{2},$ $\ldots,$ $q_{n}$
$a_{i}(2\leq i\leq n)$ $q_{1},$ $\ldots,$ $q_{i-1}$
(MGS ) MGS













$House_{i}(x)$ $x$ $i-1$ $i+1$ $0$
$P_{i}=I$ -tiyi $y_{*}^{T}$ ( $I$ ) ej $i$
[Algorithm 1]
do $i=1,n$










WY [6] WY $Y_{1}=[y_{1}],$ $T_{1}=[t_{1}]$ $n\cross k$ $Y_{k},$ $k\cross k$
$T_{k}$
$\ovalbox{\tt\small REJECT}$ $=$ $[Y_{k-1}y_{k}]$ , (10)
$T_{k}$ $=$ $\{\begin{array}{ll}T_{k-1} 0-t_{k}y_{k}^{T}Y_{k-1}T_{k-1} t_{k}\end{array}\}$ . (11)
$P_{i}\cdots P_{2}P_{1}$













Algorithm 2 [7] GMRES WY








1([3], Lemma 18.3) $v_{i}(1\leq i\leq r)$
$\hat{v}_{i}=v_{i}+\Delta v_{i}$ , $|\Delta v_{i}|\leq\gamma_{cm}|v_{i}|$ (13)
$v_{i}$ $P_{i}=I-vv^{T}$ $U_{i}=P_{i}\cdots P_{2}P_{1}$
$\hat{v}_{1},\hat{v}_{2},$ $\ldots,\hat{v}_{r}$ ( ) $A\in R^{m\cross n}$
$\hat{A}_{r+1}$
$\hat{A}_{r+1}=U_{r}(A+\Delta A)$ , $||\Delta A||_{F}\leq r\gamma_{cm}||A||_{F}$ (14)
2([3], Section 18.4) $v_{i},\hat{v}_{i},$ $P_{i},$ $U_{i}$ 1 $\{\hat{v}_{k}\}_{k=1}^{i}$
WY $\hat{U}_{i}=I+\hat{W}_{i}\hat{Y}_{i}^{T}$ $i=1,2,$ $\ldots,$ $r$
$\hat{U}_{i}=I+\hat{W}_{i}\hat{Y}_{i}^{T}=P_{i}\cdots P_{2}P_{1}+\Delta\hat{U}_{i}=U_{i}+\Delta U_{i}$ , $||\triangle U_{i}||_{F}\leq d_{1}(m,i)u$. (15)
$d_{1}(m, i)$ $m,$ $i$
$i=1$
$\hat{U}_{1}$ $=$ $I-$ vv$T=I-$ $(v_{i}+ Avi)(v_{i}+\Delta v_{i})^{T}$
$=$ $U_{1}+v_{i}\Delta v_{i}^{T}+\Delta v_{i}v_{i}^{T}+\Delta v_{i}\triangle v_{i}^{T}$
$\equiv$ $U_{1}+\Delta U_{1}$ . (16)
$||\Delta U_{1}||_{F}$ $\leq$ $||v_{1}\Delta v_{1}^{T}||_{F}+\Vert\Delta v_{1}v_{1}^{T}||_{F}+||\Delta v_{1}\Delta v_{1}^{T}\Vert_{F}$
$=$ $2||v_{1}||_{2}||\Delta v_{1}||_{2}+||\Delta v_{1}||_{2}^{2}$
$\simeq$ $2\gamma_{cm}$ (17)
















$\equiv$ $U_{i}+\Delta U_{i}$ . (21)
$\Delta U_{i}$
$\Delta U_{i}=P_{i}(\Delta U_{i-1}+\Delta\hat{U}_{i-1})$ . (22)
$\Delta U_{i}=\sum_{j=1}^{i-1}P_{i}P_{i-1}\cdots P_{j+1}\Delta\hat{U}_{j}+P_{i}P_{i-1}\cdots P_{2}\Delta U_{1}$ . (23)
$P_{i}P_{i-1}\cdots P_{j+1}$
$\Vert\Delta U_{i}||_{F}$ $\leq$ $\sum_{j=1}^{i-1}||P_{i}P_{i-1}\cdots P_{j+1}\Delta\hat{U}_{j}\Vert_{F}+||P_{1}P_{i-1}\cdots P_{2}\Delta U_{1}||_{F}$
$=$ $\sum_{j=1}^{i-1}||\Delta\hat{U}_{j}||_{F}+||\Delta U_{1}||_{F}$
$\leq$ $\gamma_{cm}\sum_{j=1}^{i-1}||\hat{U}_{j}||_{F}+||\Delta U_{1}\Vert_{F}$
$\leq$ $\gamma_{cm}\sum_{j=1}^{i-1}||U_{j}||_{F}+\gamma_{cm}\sum_{j=1}^{i-1}||\Delta U_{j}||_{F}+||\Delta U_{1}||_{F}$
$\simeq$ $\{(i-1)\sqrt{m}+2\}\gamma_{cm}+\gamma_{cm}\sum_{j=1}^{i-1}||\Delta U_{j}||_{F}$ . (24)
$u_{i}= \{(i-1)\sqrt{m}+2\}\gamma_{cm}+\gamma_{cm}\sum_{j=1}^{1-1}u_{j}$
$u_{i}$ $=$ $\sum_{j=1}^{i}(\gamma_{cm})^{i-j+1}\{(i- 1)$ $+2\}$
$=$ $\gamma_{cm}\{\sqrt{m}\cdot\frac{\gamma_{cm}^{i}-i\gamma_{cm}+i-1}{(1-\gamma_{cm})^{2}}+2\cdot\frac{1-\gamma_{cm}^{i}}{1-\gamma_{cm}}\}$ . (25)
















2 Algorithm 2 $q_{1},q_{2},$ $\ldots,q_{n}$
3 $q_{1},$ $q_{2},$ $\ldots,$ $q_{n}$ Algorithm 2 $m\cross n$ $\tilde{Q}$
$m\cross n$ $\triangle\tilde{Q}$
$[q_{1}, q_{2}, \ldots, q_{n}]=\tilde{Q}+\Delta\tilde{Q}$, $||\Delta\tilde{Q}\Vert_{F}\leq d_{1}(m,n)u$ (27)
$q_{1}$ , q2, .. ., $q_{n}$ $A=[a_{1}, \ldots, a_{n}]$
$O(u)$
Algorithm 2 $q_{i}$ $q_{i}$ $I-Y_{n}T_{n}^{T}Y_{n}^{T}$ $i$ $(Y_{i},$ $T_{i}$
$(I -Y_{i}T_{i}^{T}Y_{i}^{T})e_{i}=(I-Y_{n}T_{n}^{T}Y_{n}^{T})e_{i}$ ). $[q_{1}, q_{2}, \ldots, q_{n}]$ $I-Y_{n}T_{n}^{T}Y_{n}^{T}$
2 3 ( )
2 WY WY
4 $B\in R^{m\cross l}$ $I-\hat{W}_{i}\hat{Y}_{i}^{T}$ $B$ $C$
$\Delta C\in R^{m\cross l}$
$C$ $=$ $U_{i}B+\Delta C=U_{i}(B+U_{i}^{T}\Delta C)$ , (28)
$\Vert\Delta C||_{F}$ $\leq$ $[1+d_{1}(i,m)+d_{2}(i, m)d_{3}(i,m)(1+c_{1}(i, m, l)+c_{1}(m, i, l))]u||B||_{F}+O(u^{2})$ . (29)
1 $d_{1},$ $d_{2},$ $d_{3}$ $i$ $m$ $c_{1}$ $i,$ $n,$ $l$
4 2, [3], $||\hat{W}_{i}||_{F},$ $||\hat{Y}_{i}||_{F}$
$\hat{W}_{i}$
$\hat{v}_{1},\hat{v}_{2},$ $\ldots,\hat{v}_{i}$ $||\hat{W}_{i}||_{F}=O(\sqrt{n})$
$\hat{Y}_{i}$ (18) [3] 2
4 Algorithm 2
5 $R\in R^{m\cross n}$ $(i,j)$ $(i\leq j)$ $(I-t_{j}y_{j}y_{j}^{T})a_{j}’$ $i$
$R$ Algorithm 2 $A=[a_{1}, \ldots,a_{n}]$ $R$
$\Delta A\in R^{m\cross n}$
$A+\Delta A=U_{n}^{T}R$ , $||\Delta A||_{F}\leq d_{4}(m,n)u||A||_{F}$ . (30)
$U_{n}$ 1 $d_{4}(m, n)$ $m$ $n$
63
$a_{j}’=(I-Y_{j-1}T_{j-1}Y_{j-1}^{T})$aj 4( WY
) $\Delta aj$ $d_{4}’(m,j)$
$a_{j}’=U_{j-1}(a_{j}+\Delta a_{j})$ , $\Vert\Delta a_{j}||_{2}\leq d_{4}’(m,j)u||a_{j}||_{2}$ (31)
$R$ $j$ $r_{j}\in R^{m}$ 1 $\Delta a_{j}’$
$r_{j}=P_{j}(a_{j}’+\Delta a_{j}’)$ , $||\Delta a_{j}’||_{2}\leq\gamma_{cm}||a_{j}’||_{2}\simeq\gamma_{cm}||a_{j}||_{2}$ (32)
$r_{j}$ $=$ $P_{j}(U_{j-1}(a_{j}+\Delta a_{j})+\Delta a_{j}’)$
$=$ $U_{j}(a_{j}+(\Delta a_{j}+U_{j-1}^{T}\Delta a_{j}’))$
$\equiv$ $U_{j}(a_{j}+\Delta a_{j}’’)$ , (33)
$||\Delta a_{j}’’||_{2}$ $\leq$ $(d_{4}’(m,j)u+\gamma_{cm})||a_{j}||_{2}$
$\equiv$ $d_{4}’’(m,j)u||a_{j}||_{2}$ . (34)
$rj$ $j+1$ $P_{n}P_{n-1}\cdots P_{j+1}$
$r_{j}=U_{n}(a_{j}+\Delta a_{j}’’)$ . (35)
$j=1,2,$ $\ldots,$ $n$
$R=U_{n}(A+\Delta A)$ , $\Delta A=[\Delta a_{1}’’, \Delta a_{2}’’, \ldots, \Delta a_{n}’’]$ . (36)
$|| \Delta A||_{F}\leq\{\max_{1\leq j\leq n}d_{4}’’(m,j)\}u\sqrt{\sum_{j--1}^{n}||\Delta a_{j}’’||_{2}^{2}}=\{\max_{1\leq j\leq n}d_{4}’’(m,j)\}u||\Delta A||_{F}$ . (37)





CGS2 CGS 2 House Algorithml
$cWY$ WY Algorithm 2 $Q=[q_{4}, \ldots, q_{n}]$
$Q^{T}Q-I_{n}$ $A=[a_{1}, \ldots, a_{n}]$
MGS, CGS2, House [2]
WY






[1] J. Langou: AllReduce algorithms: application to Householder QR factorization, presented at Pre-
conditioning 2007, Toulouse, France, July 9-12, 2007.
[2] J Demmel, L. Grigori, M. Hoemmen and J. Langou: Communication-optimal parallel and sequential
QR and LU factorizations, LAPACK Working Notes, No. 204, 2008.
[3] N. Higham: Accumcy and Stability of Numerical Algorithms, SIAM, Philadelphia, 2002.
[4] D. Mori, Y. Yamamoto and S. -L. Zhang: Backward error analysis of the AllReduce algorithm for
Householder QR decomposition, to appear in Japan Journal of Industrial and Applied Mathematics.
[5] : TSQR Compact WY
2011 pp. 95-96 (2011).
[6] R. Schreiber and C. van Loan: A storage-efficient WY representation for products of Householder
transformations, SIAM Journal on Scientific and Statistical Computing, Vol. 10, No. 1 pp. 53-57
(1989).
[7] H. Walker: Implementation of the GMRES method using Householder transformations, SIAM Jour-
nal on Scientific and Statistical Computing, Vol. 9, No. 1, pp. 152-163 (1988).
[8] Y. Yamamoto and Y. Hirota: A parallel algorithm for incremental orthogonalization based on the
compact WY representation, JSIAM Letters, Vol. 3, pp. S9-92 (2011).
[9] G. Golub and C. van Loan: Matrix Computations, Johns Hopkins Univ. Press, 1996.
65
